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INTRODUCTION 
Dr. van der Waerden presents the theory of ideals 
in Noetherian rings, the theory of ideals in Dedekind rings, 
and valuation theory as independent subjects in his book 
Modern Algebra. A Dedekind ring is a special kind of 
Noetherian ring. It is also a type of ring to which 
valuation theory may be applied. 
The purpose of this thesis is to develop the theory 
of ideals in Dedekind rings assuming the theory of ideals 
for Noetherian rings. And then, once enough properties of 
Dedekind rings have been established, to review valuation 
theory and show some properties of valuations in Dedekind 
rings. 
1 
An integral domain~ which has the properties 
A. ~ is a Noetherian ring. 
B. Every prime ideal 'P in fR. , 
to (O), is a maximal ideal. 
not equal 
c. ~ is integrally closed in its 
quotient field P. 
is called a Dedekind ring. 
A Noetherian ring is a commutative ring such that every 
set of ideals OK in the ring, for which ~i is properly 
contained in ()i+l is finite in length. It is possible to 
prove for Noetherian rings that every ideal has a decomposition 
as the intersection of primary ideals where the number of 
primary ideals and the prime ideals to which they belong are 
unique. The fact that the ideals of a Noetherian ring have 
such decompositions leads to a theory of ideals for Noetherian 
rings. The main definitions and theorems of Noetherian ideal 
theory are listed in the appendix. Whenever these theorems 
or definitions are used they will be referred to by a number 
preceded by A. 
An ideal in a ring 1{ is called a maximal ideal if it 
has no divisors other than itself and the ring 1{ . An ideal 
'P is called a prime ideal if abE p and a ¢ p implies b E -p 
If a Noetherian ring f? has the property that every prime 
ideal I (o) is maximal, it can be proved that every ideal 
in1{ has a decomposition as the product of primary ideals. 
And the primary ideals, as well as their number and the prime 
• 
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ideals belonging to them are unique. The following 
preliminary result is needed to prove that the decomposi-
tion is a product that than an intersection. 
1) Theorem 
If every prime ideal in a ring is maximal, then 
the prime ideals are pairwise relatively prime. 
PROOF: 
If the prime ideals are pairwise relatively prime 
then any two prime ideals are relatively prime, hence 
(f 1 ,? 2) = '{11 given any pair of prime ideals -p 1 and 
7J 2 in {P( • 
pl c <Pl,P2) andP2 c. <Pl, P2) 
By hypothesis all prime ideals in~, are maximal, 
therefore if ( 'f 1 , P 2) 11? then P 1 = ( f\, -p 2) = P2 • 
This is impossible for two different prime ideals. 
2) Theorem 
If .[}t is a Noetherian ring in which every prime 
ideal I (O) is maximal, then for every ideal Q in~ 
where the q i are uniquely determined primary ideals. 
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PROOF: 
By theorem A 10, Q = ql (} .q 2 n • • • n q r' where 
the prime ideals P i belonging to the q i are actually 
different from one another. By hypothesis the 1' i are 
maximal therefore the C1 i are isolated (Def. A 13), and 
by theorem A 14 are uniquely determined. From theorem 1 
we know that the 1J i are pairwise relatively prime, so 
the Cli also are by theorem A 15. And now theorem A 16 
gives 
This theorem is useful in proving a later theorem. 
3) Theorem 
If if is a Noetherian ring in which every prime 
ideal I ( 0) is maximal, then given any ideal q in j{ 
such that -pc. = 0 (a) 
where "f' is a prime ideal and e. an integer > 0, q 
must be a primary ideal belonging to 10 • 
PROOF: 
By theorem 2, C1 = q 1 • q2 • • • qr. 
Letj? i be the prime ideal which belongs to the primary 
ideal q i, then 
Therefore by theorem A 6,,0 = 0 GUi) i = 1,2,•••r, 
contrary to the hypothesis that every prime ideal 
I (O) is maximal. Hence r = l, P = P 1 , and 
q = 91· 
Note that this theorem implies that all powers of prime 
ideals in such a ring are primary ideals. 
It is the third property of Dedekind rings, that of 
being integrally closed in their quotient field, which 
assures unique factorization of all ideals by powers of prime 
ideals. Before integral closure can be defined it is 
necessary to define what an integral element is and to 
describe some of the properties of integral elements. 
An additive group (module) J/l is called a finite !Jt -
module if it is generated by a finite module basis 
ri E :1( and the 
then ni e E 1(. 
be omitted. 
s s 
= L: riai + L: 
1 1 
ni are integers. If:[!/ has an identity e, 
and therefore the integer coefficients can 
Since assuming 5/ has an identity will in no 
way affect the results to be obtained, from now on it will 
be assumed that~ does have an identity. For simplicity 
this identity will be designated by 1. 
Given two rings 1{ and Z where .fR C X, an element 
tE~ is called integral with respect to 1[ if all positive 
integer powers of t are in a finite~ - module with basis 
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elements in ::Z: • Thus t integral with respect to f{ 
m 
means te = I ri ai for all integers e.. > o, ri E ;}( , ai E -Z'. 
4) Theorem 
If 1( is a Noetherian ring and JlZ a finite ;1( -
module, then every submodule of Jll is a finite 'jf 
module. 
PROOF: ( l) 
Let 'JJl = (a1 , a2 , • • • am) and let :Jt be a submodule 
of J1l , then every b E /2 can be writ ten 
m 
b = L: riai 
1 
where r i E ';7( • 
and 
k 
Choose an integer k < m 
b(k)E;2 such that b(k) = ~ 
1 
coefficients 
consider all elements 
riai, i.e. rk+l==rk+2==···==rm==O. 
of such elements forms an The set of kth 
ideal in 1( • For let 
b(k)== ~ r 1 .a. and b(k)== ~ r 2 .a. , then 1 1 1 1 2 1 1 1 
th Therefore r 1k and r 2k being k coefficients implies 
( 1) van der Waerden, B. L.; Modern Algebra, F. Ungar 
Publishing Co., New York, N.Y., 1950, Vol. 11, 
pg. 74. 
" 
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r 1k + r 2k and rr1k are also kth coefficients. The 
ideal defined by the kth coefficients will be 
designated by yk. By hypothesis ~ is Noetherian, 
therefore by corollary A 2 every ideal in ~ has a 
finite basis and 
= (ckl' ck2' ••• cks ). 
k 
Choose from the set of b(k) 
Now for an arbitrary b(k) 
( ) k-1 b k = ~ (r -
i=l i 
where rk = 
sk 
~ 
v=l rkvckv• 
= ~ 
s 1 
k 
~ 
v=l 
This means that every b(k) can be transformed into a b(k-l) 
by substracting the proper linear combination of Ckv' then 
the procedure can be repeated. After m applications of 
this procedure we have for b E 1Z 
Therefore 'Jl 
5) Theorem 
If1i_ is 
and sufficient 
respect to 1{ 
m 
b = ~ 
k=l 
is generated by (c11,c12 , • • • 
a Noetherian ring, and 'Jl. c. Z, a necessary 
condition for t E~ to be integral with 
is that an integer h exist such that 
h-1 ~ r tk k 0 
7 
PROOF:( 2) 
First assume that t is integral with respect to "!/( , 
then t E (a1 ,a2, ••• am) a finite ~-module. 
(t) ~ (t,t2) ~ ••• (t,t2 , ••• ts) ~ ••• is a 
chain of submodules in (a1 ,a2 ,•••am)• By theorem 4 
and theorem A 1 the divisor chain condition is valid in 
Ca1 ,a2 ,•••am)' so there are only a finite number of 
submodules, say h, in the given chain. 
h 
th+l E (t,t2 ,···th) and th+l = L rktk 
1 
Because 1 E ~ C~ at may be cancelled to give 
therefore te. c: 
h-1 
= L: 
k=l 
2 (l,t,t ' 
r 1 tk 
k 
• • • th-l) for all e.. ~ 0. 
(2) van der Waerden, Vol. II, pg. 76. 
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6) Theorem 
If :Z: is a commutative ring and~ c:{ the set 
of elements t E~ which are integral with respect to 
form a ring. 
PROOF: ( 3) 
Let t and s be elements 
respect to ;!f{ , then te. 
t 
of Z which are integral with 
m 
= ~ r ti ti where ti E :Z:, 
1 
and scr = ~ rsisi where si E ~ • 
1 
( t :1: s)k= tk+(f)tk-1(-s) + • • • +(k~l)t(-s)k-1+(-s)k 
t m 
= ~ ~ r:tjtisj + 
= 
j=l i=l 
m t 
~ ~ rij tJ. s1. j=l i=l 
m t 
~ rtiti + ~ rsisi i=l j=l 
Hence the sum, difference, and product can all be 
expressed in terms oft •••t s •••s t s ···t s and 1 m' 1 t' 1 1 m t 
therefore must also be integral with respect to ~ • 
Now integral closure can be defined. Given two rings 
'Jt and X where'Jf c:J.:, '1{ is said to be integrally closed 
in~ if t integral with respect to 'J{ implies t E jf . In 
Dedekind rings~ is not only a ring but it is the quotient 
field P of the Dedekind ring ~ • At this point it is easy 
(3) van der Waerden, Vol. II, pg. 76. 
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to see why it could be assumed that ':!( had an identity e, 
e.. for e E P and e = e = l•e, hence e is integral with respect 
to 1( . If'!/{ is assumed integrally closed in its quotient 
All integral elements t E P,.". t = _1f 
r 
field P then e E {If . 
where r and r' E fl( , from this it can be deduced that for 
every element tEP which is integral with respect to 1{ , all 
integer powers of t have the same denominator, it is an element 
from 'J1 . 
7) Theorem 
Given an integral domain 1{, and its quotient field 
P, a necessary and sufficient condition that tEP be 
integral with respect to~ is 
r 
tC!.. = ~ 
ro 
all~ > 0 
where re. E '1( will change with the exponent on t and r 0 is 
a fixed element in ;1( 
PROOF: 
Let t be integral with respect to ~ , then t~ 
R. ...V. 
The ai EP which means a. = R~ , R. and R! in ~l ~ i ~ ~ 
Therefore 
m R. m re. 
te. = L: ri ~ - 1 L: R II R! = R' -m-- ri i 1 i l1 R' 1 i;'j J ro 
Ri 
i=l i 
because the are fixed for a given r, 1 R' m i II R! 
i=l ~ 
is constant 
10 
for all e. > 0. 
e ~ 1 Let t = - for all C! > 0, then t e. d r 0- ) all e. > 0 ro 
which implies that t is integral with respect to ~ • 
For what follows it will be necessary to consider elements 
yeP, P the quotient field of a ring ~, such that 
yp = 0 <1{) 
where P is a prime ideal in ;f( . The set of such yeP will 
be called P -l. 
8) Theorem 
If ;J{ is a Noetherian ring then 'J1 is strictly 
contained in p-1 • 
PROOF: ( 4) 
Let a e j1 , a I 0, then ( a) = 0 ( p) 
Since f/ is a prime ideal belonging to (a), (a):~ I (a) 
by theorem A 17. So there exists c e (a) such that 
c J7 = 0 (a) 
which implies cp = ma for all p e j7. Hence~= me~ 
which in turn implies i E P -l. However c I ra for 
any r E ;1{ , therefore ~ f ;1{ • 
9) Theorem 
If 1( is Dedekind then ? p -l = ;!( . 
(4) van der Waerden, Vol. II, pg. 84 - 85 
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PROOF: ( 5) 
By theorem 8 lT C p-1 • 
Since;/( has an identity,~ = (1), therefore 
By hypothesis -p is a maximal ideal therefore either 
p = p '? -1 or pp -1 ='if 
AssumePJ=> -l = P, then 
p cp-1)2 = < pp-l) -p -1 = -pp-1 = 1=' 
And if p (J'-l)n = P then 
p cp-l)n+l = P< p-l)np-1 =PP-l = p 
therefore given any aE p and bE p -l abn E -p (1='-l)n= -p 
r 
hence abnE jf which implies abn = rn and bn = : • 
Therefore bn is integral with respect to ~ by theorem 
r::t-1 -1 7. But b is an arbitrary element of r- therefore 
every element of P -l must be integral and hence an 
element of ~ contrary to theorem 8. 
:. pp-l = 1( 
The results now exist with which we can prove that every 
primary ideal in a Dedekind ring is a power of the prime 
ideal belonging to it. The unique factorization of ideals 
(5) van der Waerden, Vol. II, pg. 85. 
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in a Dedekind ring as the product of powers of prime ideals 
then follows immediately from theorem 2. 
lO)Theorem 
If q is a primary ideal in a Dedekind ring 'J( , 
and ~ is the least integer such that 
pe. = 0 ( q) 
where f' is the prime ideal belonging to q , 
then 9 = -pe.. 
PROOF: 
Theorem A-7 guarantees the existence of e. such that 
p~ 0 (q) 
:. pe. c q ~ p 
and pe. p-l C q p-l ~ pp-l = 'Ji> by theorem 9 
But 
?e. p -1 = ~ -1 ( -pp-1) = 'Pe. -1 
:. pe. -1 c q1'-l 
so by theorem 3,qP -l is a primary ideal belonging top 
Assume that 9 Cp -l) cr cr < e_ -1 is a primary ideal belonging 
to p then 
;:f\ p -1) cr+l = ,r-cr-1 c q C'f' -1) cr+l 
= q <P -l)crp-1 ~ -pp-l 
=if 
and by theorem 3 CJ <? -l) cr must be a primary ideal 
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belonging to -p . Now 
e. -2 < e. -1 
hence q cp -l) e. -2 is a primary ideal belonging to p 
and 
pe. cP -1) e. -1 = -p ~ q cP -l) r:, -1 
= 9 c'P -l)e. -2cp-l) G pp-l 
So we have 
P ~ q rp-l)e. -1 ~ '1-1 
and since p is a maximal ideal either q ( p-1 ) e. -l= ';J( 
or q CP -l)e. -l = P 
nc'N-l)f!..-1 V() If 7 r =rt then 
9 cP -1) e, -1 • p e. -1 = q = ~ p e. -1 = p ~ -1 
and pe., -l = 0 ( q ) contrary to choice of e.. 
:. q cp -1) c:. -1 = p 
and 
ll)Theorem 
An integral domain~ with identity is a Dedekind 
ring if and only if 
cr1 cr2 crr cr. 1) q = P 1 P 2 • • • p r where the pi l. 
14 
are uniquely determined and I ~ 
(J (J (J 
2) Q = 0 C6) and Q = P 11 P 2 2 • • • P rr implies 
.J... el e.2 e.r ~ = J'l 'F2 ··· p r 0 < e. i;;. cri 
PROOF: 
a) Sufficiency 
Assume ~ is a Dedekind ring then from theorem 2 
where the q i are uniquely determined 
by theorem 10 
• • • 
suppose Q = 0 ( Y,) and 
-
'b = p ~l -cr ... p s 
s 
then 
Q= o C'6) = o cpicri) = o <J='i) i = 1,2,··· s 
only one p i is divisible by P i because 
Pi = 0 <Pi) implies Pi =Pi since the prime 
-ideals are maximal if p k = 0 ( P j) then P k = f'j 
contrary to the -p i' s being actually distinct 
prime ideals. 
-
We can assume Pi = Pi. 
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Now s ~ r, to show this assume r < s, then 
-q = 0 ( -p s) 
-
which implies as above that P k - 0 <P ) but s 
"Pk=Pk :.Pk=o<J3s) 
- -
implies 11 k =r's contrary to distinctness of the 
prime ideals in the unique decomposition hence 
s < r. Now we also know 
P (J1 (J (J. q = •••• p r = 0 ( -M. J.) 1 r rJ. 
where 
k I i 
because otherwise -p k = "Pi 
suppose cri < cri' then 
and 
+1 (J. (J. (J].. 
- .-f1 (Ji (-M -1) ]. = p ]. 1 
-pi - 1 i 1 i i . <"Pi- ) 
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by theorem 9, but this is contrary to hypothesis 
that "Pi I [/( hence cri ~ rri ~ o 
b)( 6) Necessity 
Assume the ideals in~ satisfy properties 1) 
and 2) 
0'1 --M O'r 1) If Q = 11 1 ••• ,~r , then there are only a 
finite number of ideals = P~ 1 • • • ~r such that 
0 < e.i < O'i hence ':f( is a Noetherian ring. 
2) By hypothesis the only divisor of -p besides ;Jt is 
the prime ideal 'fJ itself hence every prime ideal 
is maximal 
3) Since~ is an integral domain it has a quotient 
field P. Let ~ e P such that 
~m m-1 r ~i = L 
0 i 
then by theorem 5 ~ is integral with respect to 
and 
~m e (l ~1 ••• ~m-1) = c 
if ~ = ~ then ( bm -1) ( ~ o '~ 1 • • • ~ m -1) = C ' 
where C ' is an ideal in 
2 
c = (l,~····~m-1 ~m •••• ~2m-2) 
= (1,~ •• • .~m-1) = C 
because all powers of ~~m can be expressed in terms 
(6) van der Waerden, Vol. II, pg. 86 
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of powers ~ m-1 
• •. c' = c I -1 c I 2 = bm -1 c I -1 c' = ( bm -1) and 
The process of extending the field of rational numbers to 
the field of real numbers using fundamental Cauchy sequences 
can be generalized to more general fields. A sequence {ai} 
is called fundamental if for every E > 0 there exists an integer 
n(E) such that Jan-aml <E when n, m > n(E). It is the 
properties of the absolute value which are used to extend the field 
of rational numbers, therefore in order to generalize this 
process a function ~(a) is defined which has the properties of 
the absolute value. Such a function is called a valuation. 
It will be proved that a valuation can be defined in the 
quotient field of a Dedekind ring 
12) Definition 
A field K is said to have a valuation if a function 
~(a) is defined for the elements a E K such that 
1. ~(a) is an element of an ordered field P 
2. ~(a) > 0 for a I 0 ~(0) = 0 
3· ~(ab) =~(a)· ~(b) 
4. ~(a+b) ~ ~(a) + ~(b) 
As defined the range P of the valuation need not be Archimedean, 
18 
however the most interesting results are obtained if the 
ordering of P is assumed to be Archimedean. If P is 
Archimedean it can be imbedded in the field of real numbers, 
so from now on it will be assumed that the valuation ~(a) 
is real valued. This does not imply that the ordering of 
~(a) is necessarily Archimedean. 
A real valuation of a field K is called non-
Archimedean if for all natural multiples, n=l+l+ ••• +l, 
of one the condition 
~(n) < 1 is valid. 
13) Lemma 
If a, ~' y are positive real numbers and if 
yv ~ av + ~ 
holds for every integer v, then y < 1 
PROOF: ( 7) 
If y > 1 then y = 1 + b b > 0 and 
yv = (l+b)v = 1 + Vb + v(~-l) b2 + ••• +bv 
> Vb + v(v-1) b2 
2 
for v ,2: 2 
Since the ordering of the real numbers is Archimedean 
for v large enough 
Vb > ~ and (v-1) b 2 > 2a 
(7) van der Waerden, Vol. I., pg. 237 
[ ( v2
-l) 
which implies 
yv > vc + v(v21) &2 > ~ + va 
contrary to hypothesis 
:. y < 1 
14) Theorem 
The valuation~ of K is non-Archimedean if, and 
only if instead of 
the inequality 
is valid. 
PROOF/ 8) 
~(a+b) <~(a) +~(b) 
~(a+b) ~max [~(a), ~(b)] 
1) Assume ~ is non-Archimedean, then 
~(n) < 1 n=1,2, ••• 
~ [~(a+b)]0 = ~((a+b)n) by property 2),Def. 12 
= ~(an+nan-lb+ n(~-1) an-2b2+ ••• +bn) 
19 
~ ~(a)n+~(a)n-l~(b)+ ~(a)n-2~(b)2+ ••• +~(b)n 
by property 4) Def. 12 and assumption that ~ is 
non-Archimedean. The last inequality is 
(8) van der Waerden, Vol. I., pg. 238 
Let M =max (~(a), ~(b)), then 
[w<~+b)Jn ~ n+l n=1,2, ••• 
Applying Lemma 13 where a = ~ = 1 and 
we have 
_ w<a+b) 
y- M 
- w(a+b) < 1 which implies y- H 
~(a+b) <max (9(a), ~(b)) 
2) Assume ~(a+b) <max (~(a),~(b) then 
~ (n) = ~(1+1+ ••• +1) 
~max (~(1)) 
Now by property 3) Definition 12 
~(1) = ~(1•1) = ~(1) ~(1) = 1 
for real valued valuations 
:.~(n) <max (~(1)) = 1 
Since theorem 14 eliminates addition from the defining 
20 
properties of a real-valued, non-Archimedean valuation, the 
valuation can also be defined in terms of the exponent 
w(a) =-log ~(a). The defining properties of this notation 
are: 
1. w(a) is a real number for a I 0 
2. w(O) is a symbol for oo 
21 
3· w(ab) = w(a) + w(b) 
4. w(a+b) >min [w(a),w(b)] 
It has not yet been stated for what fields a valuation can be 
defined. A valuation may be found to exist in many fields. 
However, a valuation can always be defined in the quotient 
field of an integral domain~ in which there is a prime 
ideal ~ for which the following properties hold. 
a) All powers -p , p 2 ••• are distinct and fJ 'f1 i =(0) 
b) If a £ 'fR is exactly divisible by p a, i.e. a£ pa, 
a ¢ p a+l 
b £ ~ is exactly divisible by p ~ 
Then ab is exactly divisible by f1 a+p. 
The valuation in the quotient field P of ~ is defined as 
1. aE'J[, q>( a) = -a e if a is exactly divisible by 
pa and e is a positive real number greater than 
2. a• £ P, a• = ~ where a, b £ 1f. 
q>(~) = ~ = e-a+p 
b q>rbY 
It is easily verified that q> satisfied the properties 
of a valuation. Such a valuation is called a J1 -adic 
valuation. 
15) Theorem 
A ~ -adic valuation is non-Archimedean. 
1. 
PROOF: 
Suppose aE -p a but not p a+l 
bE P ~ but not p ~+ 1 
and assume ~ ~ a, then 
~(a) = e-a ~ e-~ =~(b) 
and p a c: p B which implies 
a E P ~ 
a+bEF'~ 
22 
Since a + b E p CJ c p ~ does not imply that a or b E 
-p C1. It may happen a + b E -p CJ c -p ~ 
.~ ~(a+b) = e-CJ ~ e-~ =~(b) 
By theorem 14, ~ is non-Archimedean 
16) Theorem 
A 11 -adic valuation can de defined in a Dedekind 
ring. 
PROOF: 
If the properties a) and b) mentioned on page 21 are 
valid for prime ideals in a Dedekind ring a f1 -adic 
valuation can certainly be defined. 
If a E :1( is exactly divisible by p a then the ideal 
a1f 
which is a unique decomposition by theorem 11. 
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(b)= b'J! = p ~ P~1 ••• fts~s also 
a a - ~l - ~ (ab) = abf( = p a+~ pl 1 • • • Pr r pl • • • ps s 
and this decomposition is unique in the Dedekind ring 
:. ab is exactly divisible by p a+~ hence property b) 
is valid. 
Unique decomposition also implies that p , P 2 • • • are 
unique. 
Therefore all that remains 
00 
to be verified is ()Pi 
oo K 
assume q E (Jp qf. 0 
then ( q) ~ '!f p K ~ -p K K = 
~ is Dedekind, therefore 
1,2, ••• 
-M crr 
• • • ,.- r 
, 
= (0) 
and since 'P divides ( q) one of the Pi = P say -p 1 = 
al a2 crr K 
then ( q) = p P 2 • • • 11 r c. P 
implies K ~ a1 , by theorem 11, contrary to (q) c ~ K 
K = 1,2, ••• a1 ••• 
00 
:. (1-p K = (0) 
Since a J1 -adic valuation can always be defined in the 
quotient field P of a Dedekind ring1( it is possible to 
construct an extension field, Qp' of P which is the completion 
of P with respect to the f::1 -adic valuation cp. In Op every 
sequence {av} with av E P, such that cp(ap-aq) < E, p,q > n (E) 
where E is a real number > 0 and n(£) is an integer, defines 
an element a E Qp. 
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In a Dedekind ring there is usually more than one prime 
ideal. · Every prime ideal in a Dedekind ring has the 
properties a) and b) page 21. Therefore, the Dedekind ring 
and its quotient field will have as many ~-adic valuations 
as the ring has prime ideals. In addition there may exist 
valuations which are not J1 -adic. The question then arises 
whether each valuation gives a different completion QP' of P, 
and if not under what circumstances two valuations do give the 
same completion of P. 
Two valuations ~ and t will be called equivalent if the 
completion of P with respect to ~ is the same as the 
completion with respect to V• Because the elements, a, of 
the completion of P are defined by sequences {av} such that 
~ (ap-aq) < E for p, q > n (E), if the completions are the 
same then in QP 
lim ~(a-a ) = 
n-+-oo n 
17) Theorem 
0 implies lim ljr (a-an) = 0 
n-+-oo 
If ~ and v are equivalent valuations of a field P, 
then t is a power of ~' i.e. there exists a fixed 
positive number E such that t (a) = [~(a)]E for all 
a E P. 
PROOF: ( 9). 
If~(~) < 1 then {<~)v} is a null sequence with respect 
(9) van der Waerden, Vol. I, pg. 244 
to ~,lim ~(~)n = 0. Since~ and~ are equivalent 
n-+oo 
lim ~ (~)n = o, this implies ~ (ab) < 1. 
n-+oo b 
~ (~) = :~~~ < 1 => ~(a) <~(b) 
implies t (a) < t(b). 
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Let p E P such that ~ (p) > 1 this implies t (p) > 1 
by above reasoning. Keep p fixed and select an arbitrary 
element a E P. Since ~(a) and ~(p) are real numbers 
>O there exists a real number 
and 
b' ~(a) = [~(p)]b' 
For the rational numbers n < b m-
which implies t (pn) ~ t(am) by reasoning above 
:.t(pn)l/m ~ t (a) = [~(p)]b' 
hence!!< b 1 m-
since both b and b 1 are lub for the!! m 
b = b 1 and 
tn ~(a) = tn ~(p)b = b tn ~(p) 
.·.~=b=~ ~~rpy ~~ 
and 26 ~ = fnw~a) = e > 0 because 
nc:p a) 
tn v(p) is a positive constant and tn c:p (p) is a 
positive constant 
:. tn "'(a) = e tn c:p(a) = tn (c:p(a)) e 
and 
"'(a) = [c:p(a)]E 
for any a e P 
The P -adic valuations in a ring tJ( are defined for a 
particular prime ideal f1 as 
q> (a) = e-a 
where a is exactly divisible by p a and e is any positive 
number >1. For a e:1r the exponent a~ o, and since all 
valuations "'(a) equivalent to c:p(a) are equal to a positive 
real power of c:p(a) the exponent w(a) = - log "'(a) is greater 
than or equal to zero for all valuations equivalent to the 
p -adic valuation. In a Dedekind ring this property 
characterizes the f1 -adic valuation and the valuations 
equivalent to it. 
18) Theorem 
If w(~) = - log c:p(~) is a non-trivial non-
Archimedean valuation in P for which w( a) ~ 0 if a e ..J{ , 
{F( a De de kind ring, then w( a) is equi valent to a P -adic 
valuation where p is a prime ideal in ;J( . 
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PROOF:(lO) 
Let T be the set of all elements a, in ~ such that 
w(a) > o, then 
w(a) >.0 w(b) > 0 implies 
w(a+b) ~min (w(a), w(b)) > 0 
w(ra) = w(a) + w(r) > 0 
:. T is an ideal in ':F( . 
Furthermore 
w(ab) = w(a) + w(b) > 0 w(b) = 0 
implies w(a) > 0 hence T is a prime ideal J1 . Let 
TTE ';F( be exactly· divisible by P and let a E ':Ji' be 
exactly divisible by p a then 
cr cr cr (a) =pa -pl 1 -p2 2 ••• -pr r = pac 
Since C is not divisible by J1 there exists CE C such 
that c ¥ (a), TT E p :. TTa CE (a).:. rrac=ab b E 1{ 
b f p because rrac is exactly divisible by p a hence ab 
must be exactly divisible by ~a, but a is by assumption 
exactly divisible by p a and bE p would imply ab exactly 
divisible by J1 a+l which cannot be. 
So 
but 
w(rrac) = w(c) + aw(rr) = w(ab) = w(a) + w(b) 
w(c) = w(b) = 0 
:. w(a) = a w(rr) 
(10) van der Waerden, Vol. II, pg. 89 
But w(rr) > 0 and constant :. w(a) is equivalent to 
W(a) = a the f1 -adic valuation. 
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If a Dedekind ring ~ is contained in a ring ~ , the 
elements in ~ which are integral with respect to ~ form 
a ring ~ • The following theorems establish the 
characteristics of the extensions to @ of a p -adic 
valuation in f[ . 
19) Theorem 
If all elements of the ring ~ are integral with 
respect to the subring tJ{ which is a Dedekind ring; and 
P and L: are quotient fields of '1( and ~ , then every 
continuation of a ~ -adic valuation of P to L: is 
equivalent to a 19 -adic .valuation of L:. The prime 
ideal {/) of (9 which belongs to this valuation is a 
divisor of the prime ideal fJ in ~ • 
PROOF: 
w(a) is the J1 -adic valuation in P and let W(a) be a 
continuation of w(a) to L: such that 
1) a I 0 => W(a) a real number 
2) W(O) = ro 
3) W(ab) = W(a) + W(b) 
4) W(a+b) L min (W(a), W(b)) 
Let ~ be the set of elements b E L: such that W(b) > 0 
Assertion: ~ is a ring 
Let W(a) > 0 and W(b) > 0 
then W(ab) = W(a) + W(b) ~ 0 => ab E ~ and 
W(a+b) ~min [W(a), W(b)] L 0 => a+b E ~ 
W(a-b) = W(a+(-b)) 
~min [W(a), W(-b)] 
=min [W(a), W(b)] > 0 
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because W(b) = W(-b) by definition, hence x e ~ where x 
solves b+x = a 
If @ were not contained in X then there exists se ~ 3 
W(s) < o. Assume W(s) < 0 
Since all elements of ~are integral with respect to~ 3 n 
such that 
n-1 K 
W(sn) = n W(s) = W ( L rK s ) 
0 
~min [w<rn-l) + (n-1) W(s), W(rn_2) + 
(n-2) W(s), ••• ,W(r0 )] 
W(rn-l) = w(rn-l) ~ 0 by definition of the original 
f1-adic valuation w(a) 
.~ If W(s) < 0 the min above is 
> (n-1) W( s) 
:. nW( s) > (n-1) W( s) 
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which is false for W( s) < 0 because - a n < - a(n-1) so 
W(s) ~ 0 => ~ t;;;. X 
• •• by theorem 18 
W(a) is equivalent to a ~ -adic valuation V(a) in 
For elements a C :: b E l: 
V(~) = V(a) - V(b) = KW(a) - KW(b) = K [W(a)-W(b)] 
== kW(~) 
.~ W(s) is equivalent to V(s) in L: 
If V( s) is the '{/1-adic valuation defined by 
s == 0 ( 1J V( s)) then 
V( s) ~ 1 ==> s E '{/1 
Since W(s) is equivalent to V(s) 
W( s) = K V( s) 
where K is an arbitrary positive number 
Let w(r) be defined by 
r = 0 ( p w(r)) 
then w(r) ~ 1 => r e J1 
W is a continuation of w, hence 
because '{/1 
1 < w(r) == W(r) == K V(r) == V(rK) ==> 
rK E '$ ==> r E fl 
is a prime ideal 
~-
hence 
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20) Theorem (This is the converse of Theorem 19) 
If a prime ideal ifJ of the extension ring ~ is 
a divisor of the prime ideal p of the subring Jf{ , 
and if to 'ql corresponds a ~ -adic valuation and 
to p a p -adic valuation, then the first is 
equivalent to a continuation of the latter. 
PROOF: 
Let w(a) be the p -adic valuation in Jf( and let V(a) 
be the 'ql -adic valuation in (9 . By theorem 18 
rc fJ implies w(r) > 0 and 
SE ~ implies V(s) > 0 
and by hypothesis f1 c: ~ 
:. rc -p implies rE ':{} hence V( r) >O 
w(r) and V(r) are both positive real numbers 
:. there exists b a positive real number such that 
w( r) = b V( r) 
Define a continuation of w(a). 
W(a) = b V( a) 
then W(a) is equivalent to V(a). 
It was mentioned that if a valuation could be defined 
in a field P, then it was possible to define a field QP for 
which every sequence {av}' av E P, such that ~(ap-aq) < E 
p, q > n(E) defined an element a E Qp• The field QP is 
called complete with respect to the valuation ~(a). For 
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a field Q 7 complete with respect to a non-Archimedean 
valuation, there is a very interesting theorem with lays down 
criteria for finding divisors of a polynomial f(x) which has 
coefficients in Q. Before proving this theorem two defini-
tions are needed. 
21) Definition 
Given a non-Archimedean valuation w(c) = - log ~(c) 
in a field K, the set of elements, a, for which w(a) > 0 
forms a ring, called the valuation ring. If an element 
k E K is an element of the valuation ring then k is 
called integral with respect to the valuation w(c). 
For every two elements a, b E K it is sufficient for 
their quotient ~ to be integral if w(a) > w(b) since that 
implies w(a) - w(b) = w(~) > 0 
22) Definition 
A polynomial f(x) with coefficients in Q, a field 
complete with respect to w(a), will be called primitive 
if all the coefficients are integral but not all of 
them are divisible by /' , where J1 is the prime ideal 
defined by the set of elements, s, such that w(s) > o. 
Every polynomial 
f(x) = n a x + ••• + a n o 
is equal to the product of a primitive polynomial and 
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an element from o, for let 
a 
then ? is integral and there is at least one 
v av 
quotient, - = 1, which is not in -p 
av 
a al a 
:. g(x) = _n xn + ••• +-X +_Q is primitive 
av av av 
and f(x) = avg (x) 
23) Theorem [Hensel's Lemma] 
Let o be complete in the exponential valuation w. 
Let f(x) be a primitive polynomial with integral 
coefficients in o. Let g0 (x) and h0 (x) be two poly-
nomials with integral coefficients in o which satisfy 
Then there exist two polynomials g(x), h(x) with integral 
coefficients in o for which 
f(x) = g(x) h (x) 
g(x) - g
0
(x) (mod p ) 
h(x) - h
0
(x) (mod p) 
provided g0 (x) and h0 (x) are relatively prime modulo ~ • 
It is moreover possible to determine g(x) and h(x) so 
that the degree of g(x) is equal to the degree of g0 (x) 
modulo p . 
(Note: The prime ideal 11 referred to is contained in 
the valuation ring and is defined by the set of 
all elements a E n such that w(a) > 0) 
PROOF: ( ll) 
Without changing hypotheses or conclusion it can be 
assumed that g0 (x) and h0 (x) have no coefficients 
divisible by f1 and also that the leading coefficient 
of g0 (x) is 1 since if it is not, g0 (x) can be replaced 
by; g0 (x) and h0 (x) can be replaced by arh0 (x). Let r 
g0 (x) be of degree r, h0 (x) of degree s and have leading 
coefficient b,and f(x) be of degree n, then the leading 
coefficient of (g 0 (x) h0 (x)) is b and the degree r+s ~ n. 
By hypothesis the coefficients of f(x), g0 (x) and h0 (x) 
are all integral ~ the coefficients, bi' of f(x) -
g0 (x) h0 (x) are all integral and also divisible by~·~ 
by hypothesis 
Let w(bi) > 0 be the smallest value. 
If w(bi) = oothen bl = 0 which implies f(x) = g0 (x)h0 (x) 
It has also been assumed g0 (x) and h0 (x) are relatively 
prime modulo 1' :. There exist two polynomials 
t(x) and m(x) with integral coefficients in o such that 
(ll) van der Waerden, Vol. I, pg 248 
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Now let Yi be the coefficient of 
g0 (x) t(x) + h0 (x) m(x) - 1 
such that w(y!) is the smallest value and then call the 
~ 
smallest value of w(y!), w(&.), e. Finally choose rr ~ ~ 
such that 
w(rr) = e 
then 
and 
g0 (x) t(x) + h0 (x) m(x) = 1 (mod (rr)) (I) 
because w(&i) ~ e and w(y1 ) > e by choice of e and the 
set of elements a, such that w(a) > e, forms an ideal 
generated by rr. 
We are now in a position where g(x) can be constructed 
as the limit of a sequence of polynomials gv(x) of degree 
r which begins with g0 (x) and h(x) as a sequence of 
polynomials hv(x) of degree < n-r of which h0 (x) is the 
first. Suppose gv(x) and hv(x) have already been 
determined so that 
v+l f(x) - gv(x) hv(x) mod (rr ) 
gv(x): g0 (x) mod(rr)} (II) 
hv(x): h
0
(x) mod(rr) 
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and the leading coefficient of gv(x) is 1, the degree 
To determine gv+l(x) and hv+l(x) let 
where u(x) and v(x) are as yet undetermined, then 
gv+l(x)hv+l(x)-f(x)=gv(x)hv(x)-f(x)+(u(x)hv(x)+v(x)gv(x))rrv+l 
+ u(x)v(x) rr2(v+l) 
because 
f(x) 
we know 
hence 
gv+l(x)hv+l(x)-f(x)=rrv+l(u(x)hv(x)+v(x)gv(x)-p(x) 
+u(x)v(x)rrv+l) 
v+l v+2) 
- rr (u(x)hv(x)+v(x)gv(x)-p(x))mod(rr 
If 
then 
u(x)hv(x)+v(x)gv(x) = p(x) mod(rr) 
Since u(x) and v(x) are arbitrary we can solve for them 
as follows 
From (I) and (II) it follows 
~ p(x)t(x)gv(x)+p(x)m(x)hv(x)~p(x)mod (rr) 
so if 
v(x) - p(x) t(x) mod (rr) 
u(x) - p(x) m(x) mod (rr) 
we have the desired congruence. 
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However since gv+l(x) is to be of degree rand leading 
coefficient 1 we want u(x) to be of degree < r 
:. determine q(x) such that 
p(x)m(x) = q(x)g 0 (x)+r(x) 
where r(x) is of degree < r, then 
p(x)t(x)gv(x)+q(x)g 0 (x)hv(x)+r(x)hv(x) 
- (p(x)t(x)+q(x)hv(x))gv(x)+r(x)hv(x)mod(rr) 
- p(x) mod (rr) 
Set u(x) = r(x) and v(x) = s(x), where 
s(x) ~ p(x) t(x) + q(x) hv(x) mod (rr) 
and no coefficient of s(x) is divisible by rr then 
gv+l(x) = gv(x) + rrv+l u(x) 
has the desired properties and all that remains to be 
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shown is that 
hv+l(x) = hv(x) + rrv+l v(x) is of 
degree < n-r, and this will be true as long as v(x) is 
of < n-r. 
By definition p(x) is of degree at least n 
~If v(x) is of degree >n-r, v(x)·gv(x) is of 
degree >n but 
v(x) gv(x) + u(x) hv(x): p(x) mod (rr) 
:. all coefficients ai i>n-r in v(x) must be divisible 
by rr, but by definition v(x) = s(x) has no coefficients 
divisible by rr. 
So 
_ v+2 f(x) = gv+l(x) hv+l(x) mod (rr ) 
v+l hv+l(x)=hv(x) + rr v(x):h0 (x)mod(rr) 
gv+l(x) is of degree rand leading coefficient 1 and hv+l 
is of degree < n-r. 
If {gv(x)} converges 
~(gp(x) - gq(x)) < E for p,q > n(E) 
where ME becomes arbitrarily large as E becomes arbitrarily 
near zero. 
Since 
> M 
E 
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To determine whether {gv(x)} converges it is sufficient to 
determine whether 
lim w(gv+l (x) - gv(x)) -+ oo 
v-+oo 
lim w(gv+l(x) - gv(x)) =lim w(rrv+lu(x)) 
v-+oo v-+oo 
furthermore since 
=lim (v+l)E+w(u(x))-+oo 
v-+oo 
we have for the coefficients bvi of 
f(x) - gv(x) hv(x) 
1 . ( b ) 1 . ( v+ 1 ) ~m w vi = ~m w rr Pvi 
v-+oo v-+oo 
=lim (v+l)E + w(pvi)-+ oo 
v-+oo 
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so that the coefficients bi of 
f(x) - g(x) h(x) are all zero 
hence 
f(x) = g(x) h(x) 
and since rr ep 
g(x) 
-
g (x) mod (P) 
0 
h(x) 
-
h
0
(x) mod <P) 
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SUMMARY 
The main result established in this paper for the theory 
of ideals in Dedekind rings is that every ideal q in the 
Dedekind ring ':1( has a unique factorization as the product 
of powers of prime ideals in ~ , 
More as a corollary a property of divisors of q is proved. 
Given two ideals 0 and b in '!fi. such that q _ 0 ( 'b), 
\}_ _ ...,.,e.1 e2 tar 
then u - 1 l -p 2 • • • p r where 0 s e i < cr i. If an 
integral domain has both unique factorization of ideals by 
the product of powers of prime ideals and the divisor property 
just described then the integral domain must be a Dedekind 
ring. 
The unique factorization of ideals by products of powers 
of prime ideals is enough to guarantee that a ~ -adic 
valuation can always be defined in a Dedekind ring and its 
quotient field. In addition, if}l is contained in a ring~' 
for which all of the elements are integral with respect to 
.1( , then the extensions of 'f' -adic valuations to €if are 
equivalent to '{/} -adic valuations in ~ where 'lfS is a prime 
ideal in c9 which contains p . 
Finally Hensel's reducibility criterion is proved. This 
theorem establishes how to determine the divisors of a 
polynomial with coefficients in a field which is complete 
with respect to a non-Archimedean valuation. 
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APPENDIX 
1. Theorem 
If the divisor chain condition is valid in a module 
'JJ2 , then very submodule of 'Jll has a finite basis and 
conversely. 
2. Corollary to Theorem 1 (an ideal is a module) 
If the divisor chain condition is valid in a ring 
then every ideal in~ has a finite basis and conversely. 
3. Definition of quotient ideal. 
The quotient ideal q : b is the totality of elements 
y in the ring '!Jl such that 
4. Definition of primary ideal. 
An ideal q of a ring .'!f(_ is a primary ideal if 
ab _ 0 ( q) 
a - 0 ( q ) 
implies bK :: 0 ( q ) for some integer K>O 
5. Theorem. 
To every primary ideal g there exists a prime ideal 
divisor -p which may be defined as follows: 
~ is the totality of elements b such that bK E q . 
::p is said to be the prime ideal belonging to 9 . 
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6. Theorem. 
If P is a prime ideal in 1{ and q is any ideal 
in 1{ such that 
qh = 0 ( p) 
then 
7. Theorem 
If ~ is a Noetherian ring and ~ is the prime 
ideal belonging to q then there exists an integer r 
such that 
8. Theorem 
The intersection of a finite number of primary 
ideals which belong to the same prime ideal is again 
primary and belongs to the same prime ideal. 
9. Definition of irredundant intersection. 
An intersection of primary ideals q 1 t7 ••• 1/ q r 
is said to be irredundant if no q i is included in any 
other q v• 
10. Theorem 
If ~ is Noetherian every ideal has an irredundant 
representation as the intersection of primary components. 
These primary components belong to actually distinct 
prime ideals in '-:f? • 
iii 
11. Theorem 
An irredundant intersection of a finite number of 
primary ideals which do not all belong to the same prime 
ideal is not primary. 
12. Theorem 
In two irredundant representations of an ideal by 
primary ideals belonging to distinct prime ideals the 
number of components is the same and the prime ideals 
belonging to these components are also the same. 
13. Definition of isolated component ideal. 
If Q = q l n Q 2 and no prime ideal belonging to 
the primary components of q 2 is divisible by a prime 
ideal belonging to a primary component of q 1 , q 1 
is called an isolated component ideal. 
14. Theorem 
Every isolated component ideal of an ideal q is 
uniquely determined by giving the prime ideals belonging 
to the primary components of the isolated component. 
15. Theorem 
If two prime ideals P 1 and JJ 2 are relatively 
prime so are the primary ideals 9 1 and q 2 belonging 
to them. 
16. Theorem 
The intersection of a finite number of pairwise 
iv 
relatively prime ideals is equal to their product. 
17. Theorem 
If an ideal CJ is divisible by no one of the prime 
ideals belonging to an ideal 1; , then [J : q = b 
and conversely. 
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ABSTRACT 
A Dedekind ring ~ is defined as an integral domain 
which has the following three properties 
A. 11_ is a Noetherian ring. 
B. Every prime ideal I (0) in ~ is a maximal 
ideal. 
c. ~is integrally closed in its quotient 
field P. 
A Noetherian ring is a commutative ring for which the 
divisor chain condition is valid. If the divisor chain 
condition is valid in a ring 11 then every set of ideals oi 
in 1{ such that q i c q i+l properly, is a finite set. 
For Noetherian rings a theory of ideals may be developed. 
The main results of this theory are listed in the appendix. 
An ideal p is called a prime ideal if abE -p and at p 
always implies bE p . An ideal q in :r{ is called maximal 
if the only divisors of q are itself and the ring )1(. For 
Noetherian rings in which every prime ideal is maximal we 
have 
2) Theorem 
If j1( is a Noetherian ring in which every prime 
ideal I (0) is maximal, then for every ideal q in 1( 
q = ql. q 2 • • • q r 
where the q i are uniquely determined primary ideals. 
Given two rings 'J?. and X , 'JY c :£, an element tE Z' 
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is called integral with respect to '!f/ if t e. = 
for all integers e.. > o, where ri E '):{ , the ni are integers, 
and (a1 ,a2 , ••• am) are a fixed set of elements from X. 
If'}[ has an identity element the integer coefficients 
maybe omitted. From now on it will be assumed that ':Jl has 
an identity since that assumption does not affect the results. 
If~ is a Noetherian ring the elements integral with 
respect to 1( have the following property. 
5) Theorem 
If ;f[ is a Noetherian ring, and '11_ c::. .Z, a 
necessary and sufficient condition for tE ~ to be 
integral with respect to ~ is that an integer h exist 
such that h-1 
th = k r tk • 
0 k 
If, for the two rings~ c: ~' t integral with respect to~ 
implies tE ~ , then Ji is called integrally closed in~. 
For a Dedekind ring 1[ , Z is not only a ring but is the 
quotient field P of '){ • Again the form of the elements 
integral with respect to ~ can be characterized very simply. 
7) Theorem 
Given an integral domain ~ , and its quotient 
field P, a necessary and sufficient condition that tEP 
be integral with respect to ~ is 
r. 
t e. = -'2 all e. > 0 
ro 
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where r e. E 11. will change with the exponent on t and 
r 0 is a fixed element from 'J1 . 
Given a ring jf with prime ideal f1 we will designate 
by p -l the set of elements yEP, P the quotient field of '!!(, 
such that yp = 0 C:JT.. ) • 
9) Theorem 
If 'Jt is a Dedekind ring then -pp-1 = ';1( . 
This theorem allows us to prove: 
and 
10) Theorem 
If q is a primary ideal in a Dedekind ring ~ , 
and e. is the least integer such that 
?e = o cq) 
where p is the prime ideal belonging to 9 , then 
q = pe. 
11) Theorem 
An integral domain 1J.. with identity is a De de kind 
ring if and only if 
(J 
f'i, r where the 
uniquely determined and I ;f( . 
(J 
q = pl 1 2) Q = 0 ( 'h) and 
iJ = p~l • • • 
(J 
P r. 1" ••• r ~mp les 
O<e,. <a. 
- ~- ~ 
Once unique factorization of ideals by products of powers 
of prime ideals in Dedekind rings is established some results 
dependent on valuation theory can be proved for Dedekind 
rings. 
12) Definition 
ix 
A field K is said to have a valuation if a function 
,Ca) is defined for the elements aEK such that 
1. ,Ca) is an element of an ordered field P. 
2. ,Ca) > o for a 1 o, ,Co) = o 
3· ,Cab) = ,Ca) ,Cb) 
4. ,Ca+b) < ,Ca) + ~(b) 
Although only real valued valuations are considered the 
ordering of the valuation need not be Archimedean. 
A real-valued valuation of a field K is called non-
Archimedean if for all natural multiples, n = 1+1+ ••• +1, 
of one the condition ,Cn) < 1 is valid. 
14) Theorem 
The valuation ' of a field K is non-Archimedean if, 
and only if, instead of 
,ca+b) < ,Ca) + ,Cb) 
the inequality 
,ca+b) ~max c,Ca), ,Cb)) is valid. 
Since theorem 14 eliminates addition from the defining 
properties of valuation an exponential notation can be defined 
for non-Archimedean valuations. 
Given a non-Archimedean valuation ,Ca) in a field K, 
fl.\ I 
X 
we define w(a) = - log ~(a) where w(a) has properties 
1. w(a) is a real number for a I 0 
2. w(O) is the symbol for 00 
3· w(ab) = w(a) + w(b) 
4. w(a + b) >min (w(a), w(b)) 
A valuation can always be defined in the quotient field 
of a ring under the following conditions: 
'Jt is an integral domain and 1' is a prime ideal 
in 1( for which, 
1. All powers f1 , }J 2, ••• are distinct and 
Go (JpK = (0). 
2. If aE 1( is exactly divisible by p a and 
bE 1( is exactly divisible by p ~, then ab 
is exactly divisible by jJ a+~ 
Under the above conditions the valuation which can be defined 
is called a J1 -adic valuation. If ~(a) is a P -adic 
valuation then for aE jf , ~(a) = e-a where a is exactly 
divisible by ~ a and e is any real number > 1. For elements 
c = ~ E P, ~(c) = :~~~ = e-a+~. 
16) Theorem 
A ~ -adic valuation can be defined in a Dedekind 
ring. 
If a valuation ~(a) is defined in a field P, an extension 
field QP of P can be constructed. In QP' which is called the 
completion of P with respect to the valuation~' every 
sequence {av} with avEP and such that ~(ap-aq) < E for 
p, q > n{E) has a limit. 
Two valuations ~ and t will be called equivalent if 
the completion of P with respect to ~ is the same as the 
completion with respect to t• 
17) Theorem 
If ~ and t are equivalent valuations of a field 
P, then t is a power of ~' i.e. there exists a fixed 
positive number E such that t(a) = [~{a)]E for all 
aEP. 
For valuations in a Dedekind ring it is established 
that: 
18) Theorem 
xi 
If w(~) = - log ~(~) is a non-trivial, non-
Archimedean valuation in P, P the quotient field of ~ , 
for which w( a) ~ 0 if a E 'Ji , 1-( a Dedekind ring, 
then w(a) is equivalent to a ~ -adic valuation where 
p is a prime ideal in 1'( . 
19) Theorem 
If all elements of the ring r9 are integral with 
respect to the subring ':J1 which is a Dedekind ring, 
and P and L: are quotient fields of :fl and cS , then 
every continuation of a J7 -adic valuation of P to L: 
is equivalent to a '{/1 -adic valuation of rit • The 
prime ideal ~ of ~ which belongs to this valuation 
xii 
is a divisor of the prime ideal J:' in 'J( . 
20) Theorem (This is the converse of Theorem 19) 
If a prime ideal ~ of the extension ring ~ is a 
divisor of the prime ideal P of the subring 1( , and 
if to {/1 corresponds a {/1 -adic valuation and to p 
a ~ -adic valuation, then the first is equivalent to a 
continuation of the latter. 
The completion QK of K with respect to the valuation 
w(a) - - log ~(a) is again considered and Hensel's reducibility 
criterion proved. 
An element keK is called integral with respect to the 
valuation w(a) if k is an element of the valuation ring, 
that is the set of elements aeK for which w(a)LO• A polynomial 
f(x) with coefficients in o, a field complete with respect to 
w(a), will be called primitive if all the coefficients of f(x) 
are integral with respect to w(a) but not all of them are 
divisible by jV , where 1J is the prime ideal defined by the 
set of elements s such that w(s)>O. 
23) Theorem (Hensel's Lemma) 
Let Q be complete in the exponential valuation w. 
Let f(x) be a primitive polynomial with integral 
coefficients in Q. Let g0 (x) and h0 (x) be two poly-
nomials with integral coefficients in Q which satisfy 
Then there exist two polynomials g(x), h(x) with 
integral coefficients in Q for which 
f(x) = g(x) h(x) 
g(x) - g
0
(x) (mod p ) 
h(x) - h
0
(x) (mod p ) 
xiii 
provided g0 (x) and h0 (x) are relatively prime modulo J' . 
It is moreover possible to determine g(x) and h(x) so 
that the degree of g(x) is equal to the degree of 
g
0
(x) modulo p . 
